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REPRESENTATIONS AND THE COLORED JONES
POLYNOMIAL OF A TORUS KNOT
KAZUHIRO HIKAMI AND HITOSHI MURAKAMI
Abstract. We show that for a torus knot the SL(2;C) Chern–Simons invari-
ants and the SL(2;C) twisted Reidemeister torsions appear in an asymptotic
expansion of the colored Jones polynomial. This suggests a generalization of
the volume conjecture that relates the asymptotic behavior of the colored Jones
polynomial of a knot to the volume of the knot complement.
1. Introduction.
In 1985, Jones introduced a knot invariant, the Jones polynomial, by using op-
erator algebra [15]. It turns out to be a special case of a more general situation.
In fact for any simple Lie algebra g and its irreducible representation ρ one can
define the quantum (g, ρ) invariant for knots (see for example [35]). Then the Jones
polynomial is regarded as the quantum (sl(2;C), V 2) invariant, where V 2 is the
two-dimensional irreducible representation.
Then, in 1989, Witten used Chern–Simons theory to describe the Jones poly-
nomial in terms of path integral [37] and suggested quantum invariants for three-
manifolds.
Suppose that we are given a compact Lie group G with Lie algebra g. Let K be
a knot in the three-sphere S3 and V an irreducible representation of G. Let A be
the set of all G-connection on the trivial G-bundle over S3. For a G-connection A,
define the Chern–Simons functional L(A) to be
L(A) :=
1
4π
∫
S3
Tr(A ∧ dA+ 2
3
A ∧ A ∧ A).
Then Witten proposed the following Feynman path integral as a definition of the
quantum invariant:
Z(S3,K) :=
∫
A
e
√−1k L(A)WV (K;A)DA,
where WV (K;A) is the Wilson loop, that is, the trace of the image in V by the
representation of the element in G given by the parallel transport along K using
the connection A.
If G = SU(2) and V is the N -dimensional irreducible representation, this defines
the N -dimensional colored Jones polynomial JN
(
K; exp(2π
√−1/(k + 2))).
Since then many researches about these quantum invariants for knots and three-
manifolds by both mathematicians and physicists.
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In 1995, Kashaev defined a yet another knot invariant 〈K〉N by using quantum
dilogarithm [16], where N is an integer greater than one. Moreover in [17] he
observed that for a few knots the limit log (|〈K〉N |) /N gives the hyperbolic volume
of the knot complement S3 \ K. He also conjectured this would be true for any
hyperbolic knot. Here a hyperbolic knot is a knot whose complement possesses a
complete hyperbolic metric with finite volume.
J. Murakami and the second author proved that Kashaev’s invariant is indeed a
special value of the colored Jones polynomial [27]. More precisely, letting JN (K; q)
be the colored Jones polynomial associated with the N -dimensional irreducible rep-
resentation of the Lie algebra sl(2;C), we showed that JN
(
K; exp(2π
√−1/N)) is
(essentially) equal to Kashaev’s invariant. We also generalized Kashaev’s conjecture
to the following conjecture (Volume Conjecture).
Conjecture 1.1 (Volume Conjecture,[27]). For any knot, we have
2π
log
∣∣JN(K; exp(2π√−1/N))∣∣
N
= Vol(S3 \K).
Here Vol is the simplicial volume (or the Gromov norm) [9] that is normalized so
that it equals the sum of the hyperbolic volumes of the hyperbolic pieces in the JSJ
decomposition [13, 14] of the knot complement.
Note that we normalize JN (K; q) so that JN (K; unknot) = 1.
The volume conjecture has been proved to be true for the following knots and
links.
• any torus knot by Kashaev and Tirkkonen [18],
• the torus link of type (2, 2m) by the first author [10],
• the figure-eight knot by Ekholm (see for example [24]),
• the hyperbolic knot 52 by Kashaev and Yokota,
• Whitehead doubles of the torus knot of type (2, a) by Zheng [39],
• twisted Whitehead links by Zheng [39],
• the Borromean rings by Garoufalidis and Leˆ [8],
• Whitehead chains by van der Veen [36].
What happens if we replace the Nth root of unity 2π
√−1/N with another com-
plex parameter ξ/N? Yokota and the second author proved that for the figure-eight
knot if ξ is close to 2π
√−1, then the limit gives the hyperbolic volume and the
Chern–Simons invariant of the three-manifold obtained from S3 by Dehn surgery
along the figure-eight knot with coefficient given by ξ [28].
Note that the space of Dehn surgeries along a hyperbolic knot is complex one-
dimensional [33], and the parameter ξ in the colored Jones polynomial can be re-
garded as a parameter of Dehn surgeries. For a hyperbolic knot, the complete
hyperbolic structure with finite volume is give by an irreducible representation (ho-
lonomy representation) of the fundamental group of its complement at the Lie group
PSL(2;C). Therefore it would be possible to use ξ to parameterize representations
at PSL(2;C) or SL(2;C).
In this paper we show that for torus knots we can relate the colored Jones poly-
nomial evaluated at exp(ξ/N) to representations of the fundamental group of a
knot complement at SL(2;C). Moreover by considering an asymptotic expansion
of the colored Jones polynomial we can obtain the SL(2;C) Chern–Simons invari-
ant and the twisted Reidemeister torsion both associated with the corresponding
representation.
The paper is organized as follows. In Section 2 we describe the character variety
of a torus knot, which is used to introduce the twisted Reidemeister torsion and the
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Chern–Simons invariant in Sections 3 and 4, respectively. In Section 5 we calculate
an asymptotic behavior of the colored Jones polynomial evaluated at exp(ξ/N) for
N → ∞, and in Section 6 we give topological interpretations of its coefficients. In
the last section (Section 7) we give some speculation for general knots giving an
observation about the figure-eight knot.
Acknowledgments. The authors would like to thank J. Dubois, V. Mun˜oz, E. Witten,
and Y. Yamaguchi for helpful comments. Thanks are also due to the organizers
of the workshop “Chern–Simons Gauge Theory: 20 years after” held at the Max
Planck Institute for Mathematics in August 2009 hosted by the Hausdorff Center
for Mathematics.
2. SL(2,C) character variety of a torus knot.
Let T (a, b) be the torus knot of type (a, b), where a and b are coprime positive
integers. Throughout this paper we assume that b is odd. Let X
(
T (a, b)
)
be the
character variety of π1
(
S3\T (a, b)) of representations of π1(S3\T (a, b)) at SL(2,C)
[1]. So two homomorphisms from π1(S
3 \ T (a, b)) to SL(2,C) are regarded as
equivalent if and only if they have the same trace.
We will describe X
(
T (a, b)
)
following [23].
Let 〈x, y | xa = yb〉 be a presentation of π1(S3 \ T (a, b)).
There is a unique reducible component, which is homeomorphic to C by assigning
[ϕt] ∈ X
(
T (a, b)
)
to t+t−1 ∈ C, where ϕt sends x to
(
tb 0
0 t−b
)
and y to
(
ta 0
0 t−a
)
.
Here square brackets mean the class of a representation in the character variety.
The irreducible characters decompose into (a− 1)(b− 1)/2 components and each
of them is homeomorphic to C. They are indexed by a pair of integers (α, β) such
that 1 ≤ α ≤ a−1, 1 ≤ β ≤ b−1, and that α ≡ β (mod 2). See also [20, Theorem 1],
[5, Theorem 2]. A representation with index (α, β) sends x to an element with trace
2 cos(πα/a) and y to one with trace 2 cos(πβ/b).
The closure of the component indexed by (α, β) intersects the reducible compo-
nent in two points
[
ϕ
exp
(
k1pi
√−1/(ab)
)] and [ϕ
exp
(
k2pi
√−1/(ab)
)], where
k1 ≡ α (mod a), k1 ≡ −β (mod b),
k2 ≡ α (mod a), k2 ≡ β (mod b).
Note that k1 and k2 are uniquely determined by the formulas above.
Remark 2.1. Our pair (k1, k2) is different from Dubois and Kashaev’s pair (k−, k+)
[5, Theorem 2]. They choose k− and k+ so that k− ≡ k+ (mod 2).
Conversely, given a positive integer k that is not a multiple of neither a nor b,
we can define a pair (α, β) such that 1 ≤ α ≤ a − 1, 1 ≤ β ≤ b − 1, and α ≡ β
(mod 2) as follows: Define α to be the integer that is congruent modulo a to k
with 1 ≤ α ≤ a − 1, β′ to be the integer that is congruent modulo b to k with
1 ≤ β′ ≤ b − 1. If α ≡ β′ (mod 2) then put β := β′, and if α 6≡ β′ (mod 2) then
put β := b − β′. Note that since we assume that b is odd β always has the same
parity as α.
Remark 2.2. If k defines (α, β) as above, then the pair (k1, k2) defined by (α, β) is
either (k,−k) or (−k, k) (mod ab). So the assignment of k ∈ {n ∈ Z | 1 ≤ n ≤
ab− 1, a ∤ n, b ∤ n} to (α, β) ∈ {l ∈ Z | 1 ≤ l ≤ a− 1} × {m ∈ Z | 1 ≤ m ≤ b − 1} is
a two-to-one correspondence.
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Note that in either case sin2(απ/a) sin2(βπ/b), which appears in the twisted
Reidemeister torsion (see §6), does not depend on the definition that we use and
equals sin2(kπ/a) sin2(kπ/b).
3. Twisted Reidemeister torsion for a knot.
Let K be a knot in S3 and ρ a representation of π1(S
3 \K) at SL(2;C). Put
C∗
(
S3 \ K; ρ) := HomZ[pi1(S3\K)](C∗(S˜3 \K;Z), sl(2;C)). Here S˜3 \K is the uni-
versal cover of S3 \K, C∗(S˜3 \K;Z) is regarded as a Z[π1(S3 \K)]-module by the
action of the deck transformation and sl(2;C) is regarded as a Z[π1(S3\K)]-module
via the adjoint representation.
Let {0} → C0 d
0
−→ C1 d
1
−→ C2 d
3
−→ C3 → {0} be the corresponding cochain
complex, where Ci := Ci(S3 \K; ρ) and di is the coboundary map induced by the
boundary map of C∗(S˜3 \K;Z). Put Bi := Image(di−1) ⊂ Ci, Zi := Ker(di) ⊂ Ci,
and Hi := Zi/Bi.
We choose bases ci of Ci and hi of Hi. Let h˜i ⊂ Zi be a lift of hi and bi ⊂
Ci be a set of elements such that di(bi) forms a basis of Bi+1. Since Bi+1 ∼=
Ci/Zi and Hi ∼= Zi/Bi, the set di−1(bi−1) ∪ h˜i ∪ bi forms a basis of Ci. Define[(
di−1(bi−1) ∪ h˜i ∪ bi
)
/ci
]
to be the determinant of the change-of-basis matrix
from ci to di−1(bi−1) ∪ h˜i ∪ bi.
Then the Reidemeister torsion ([31], [6], [2], [22], [34]) with respect to ci and hi
is defined to be
(3.1) Tor(C∗, c∗,h∗) :=
n∏
i=0
[(
di−1(bi−1) ∪ h˜i ∪ bi
)
/ci
](−1)i+1
.
It is known that Tor(C∗, c∗,h∗) does not depend on the choice of bi and h˜i. It
is also known that up to sign it depends only on the choice of h∗. (We need a
cohomological orientation to define the sign but in this paper we do not need it.
See [34] and [3] for details.)
To define a basis hi of Hi we need to choose a simple closed curve on ∂EK , where
EK := S
3 \ Int(N(K)) with N(K) the regular neighborhood of K in S3.
An irreducible representation ρ is called γ-regular [30, 3] for a simple closed curve
γ ⊂ ∂EK if the following two conditions are satisfied.
• The homomorphism i∗ : H1(EK ; ρ) → H1(γ; ρ) induced by the inclusion
i : γ →֒ EK is injective. Note that H∗(EK ; ρ) is isomorphic toH∗(S3\K; ρ).
• If Tr (ρ (π1(∂EK))) ⊂ {±2}, then ρ(γ) is not ±I, where I is the identity
matrix.
If ρ is γ-regular, then dimH1(S3 \K; ρ) = dimH2(S3 \K; ρ) = 1 and dimHi(S3 \
K; ρ) = 0 for i 6= 1, 2 [3, Lemma 2]. So to define the Reidemeister torsion for a γ-
regular representation ρ we only need to choose a non-zero element of H1(S3 \K; ρ)
and a non-zero element of H2(S3 \ K; ρ). We use γ to define such an element of
H1(S3 \ K; ρ) = H1(EK ; ρ) and the fundamental class [∂EK ] ∈ H2(∂EK ;Z) to
define such an element of H2(S3 \K; ρ) (for details, see [5, § 3] for example).
Therefore given a simple closed curve γ ⊂ ∂EK such that ρ is γ-regular one can
define the Reidemeister torsion ([30], [3]) by (3.1) up to sign. It is denoted by TKγ (ρ)
and called the twisted Reidemeister torsion.
It is known that for a torus knot, any irreducible representation is both µ-regular
and λ-regular, where µ is the meridian, a loop that goes around the knot so that its
linking number with the knot is one, and λ is the preferred longitude, a loop that
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goes along the knot so that its linking number with the knot is zero [3, Example 1].
It is also known that for a hyperbolic knot K, then an irreducible representation
that defines a hyperbolic Dehn surgery is γ-regular, where γ is the simple closed
curve on ∂EK along which the surgery is performed [30].
4. Chern–Simons invariant for a knot.
We follow [19] to define the SL(2;C) Chern–Simons invariant.
For a closed three-manifold M , one can define the SL(2;C) Chern–Simons func-
tion csM : X(M) → C (mod Z), where X(M) is the SL(2;C) character variety of
M . Let A be an sl(2;C)-valued 1-form on M with dA + A ∧ A = 0. Then A
defines a flat connection of M × SL(2;C) and so one can define a representation
ρ : π1(M)→ SL(2;C) by holonomy. The Chern–Simons function is defined to be
csM ([ρ]) :=
1
8π2
∫
M
Tr(A ∧ dA+ 2
3
A ∧ A ∧ A) ∈ C (mod Z),
where [ρ] is the class of ρ in X(M).
Now we assume that M has a boundary which is homeomorphic to a torus.
Denote by X(∂M) the SL(2;C) character variety of the boundary ∂M .
We define E(∂M) as the quotient space of Hom(π1(∂M),C)×C∗ by a group G,
where
G := 〈X,Y,B | XYX−1Y −1 = XBXB = Y BY B = B2 = 1〉
and it acts on Hom(π1(∂M),C)× C∗ by
X · (s, t; z) := (s+ 1, t; z exp(−8π√−1t)),
Y · (s, t; z) := (s, t+ 1; z exp(8π√−1s)),
B · (s, t; z) := (−s,−t; z).
(4.1)
Here a pair (s, t) is identified with the element sγ∗ + tδ∗ ∈ Hom(π1(∂M),C) with
a fixed basis (γ, δ) of π1(∂M) ∼= Z ⊕ Z. Then E(∂M) becomes a C∗-bundle over
X(∂M). Note that X(∂M) is identified with Hom(π1(∂M),C)/G via the quotient
map q : Hom(π1(∂M),C)→ Hom(π1(∂M), SL(2;C)) defined by
q(κ) :=
[
γ 7→
(
e2pi
√−1κ(γ) 0
0 e−2pi
√−1κ(γ)
)]
for γ ∈ π1(∂M).
The Chern–Simons function csM in this case is defined to be a map from X(M)
to E(∂M) such that p ◦ csM = i∗, where p : E(∂M) → X(∂M) is the projection
and i∗ : X(M)→ X(∂M) is induced from the inclusion map i : ∂M →֒M .
E(∂M)
X(M) X(∂M)
❄
p
✑
✑
✑
✑✸csM
✲i
∗
See [19, § 3] for the precise definition.
If we have another three-manifold M ′ with toral boundary, we can construct a
closed three-manifold M ∪∂ M ′ by identifying ∂M with −∂M ′. Given a represen-
tation ρ : M ∪∂ M ′ → SL(2;C), the Chern–Simons invariant csM∪∂M ′ ([ρ]) is given
by zz′ if csM
([
ρ
∣∣
M
])
= [s, t; z] and csM ′
([
ρ
∣∣
M ′
])
= [s, t; z′], where ρ
∣∣
M
and ρ
∣∣
M ′
are the restrictions of ρ to M and M ′ respectively. Note that we use the same basis
for π1(∂M) and π1(−∂M ′).
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Suppose that M is the complement of the interior of the regular neighborhood of
a knot K in S3. Let ρ be a representation sending the meridian µ and the longitude
λ to the elements (up to conjugation) shown below.
ρ(µ) =
(
exp(u/2) ∗
0 exp(−u/2)
)
,
ρ(λ) =
(
exp(v/2) ∗
0 exp(−v/2)
)
.
We also assume that the elements in Hom(π1(∂M),C) sending µ to u and λ to v
form a basis. Then we introduce the function CSu,v([ρ]) as follows.
csM ([ρ]) =
[
u
4π
√−1 ,
v
4π
√−1; exp
(
2
π
√−1 CSu,v([ρ])
)]
.
Note that CSu,v([ρ]) is defined modulo π
2Z and that it depends on lifts (u, v) of
(exp(u/2), exp(v/2)).
Remark 4.1. Note that we are using the PSL(2;C) normalization described in [19,
P. 543]. So our csu,v([ρ]) is −4 times f(u) in [29, 26], and Kirk and Klassen’s (and
so Yoshida’s [38]) f(u) is π
√−1/2× csu,v(u).
5. An asymptotic behavior of the colored Jones polynomial of a
torus knot.
In this section we give asymptotic expansions of the colored Jones polynomial of
a torus knot.
Let JN (K; q) be the N -dimensional colored Jones polynomial of a knot K. We
normalize it so that JN (unknot; q) = 1. So using Witten’s formulation JN (K; q) =
Z(S3,K)/Z(S3, unknot) with G = SU(2) and V is the N -dimensional irreducible
representation. Note that J2(K; q) = VK(q
−1) for any knot K, where VK(q) is the
original Jones polynomial [15].
Let ∆(K; t) be the Alexander polynomial for a knot K. We normalize it so that
∆(K; t) = ∆(K; t−1) and ∆(K; 1) = 1.
Now we consider the torus knot T (a, b). For a complex parameter z, we put
τa,b(z) :=
2 sinh(z)
∆
(
T (a, b); e2z
) .
Since it is well-known that
∆
(
T (a, b); t
)
=
(
tab/2 − t−ab/2) (t1/2 − t−1/2)(
ta/2 − t−a/2) (tb/2 − t−b/2) ,
we have
τa,b(z) =
2 sinh(az) sinh(bz)
sinh(abz)
.
Note that (t1/2 − t−1/2)/∆(K; t) can be regarded as the (abelian) Reidemeister
torsion ([22, Theorem 4],[34, Theorem 1.1.2]). Since we use cohomology to define
the torsion but Milnor and Turaev use homology,our torsion is the inverse of theirs.
Let P be the set of poles of τa,b(z), that is, we put
P :=
{
kπ
√−1
ab
∣∣∣∣∣ k ∈ Z, a ∤ k, b ∤ k
}
.
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We also put
Ak(ξ;N) =
√−π exp
(
Sk(ξ)
N
ξ
)(
N
ξ
)1/2
(Tk)
1/2
,
where
Sk(ξ) :=
− (2kπ√−1− abξ)2
4ab
and
Tk :=
16 sin2(kπ/a) sin2(kπ/b)
ab
.
We would like to know an asymptotic behavior of JN
(
T (a, b); exp(ξ/N)
)
for large
N .
The case where ξ = 2π
√−1 corresponds to the volume conjecture (Conjec-
ture 1.1). In this case, Kashaev and Tirkkonen [18] proved the following asymptotic
expansion.
JN
(
T (a, b); exp(2π
√−1/N))
∼e(ab−a/b−b/a)pi
√−1/(2N)
×
(
π3/2
2ab
(
N
ξ
)3/2 ab−1∑
k=1
(−1)k+1k2 exp
(
Sk(ξ)
N
ξ
)
(Tk)
1/2
+
1
4
∞∑
j=1
aj
j!
(
ξ
4abN
)j−1 ,
where al is the 2l-th derivative of 2z sinh z/∆
(
T (a, b); e2z
)
= zτa,b(z) at z = 0.
For a relation to characters of conformal field theory, see [11]. See also [5] for a
topological interpretation of this expansion.
When ξ is not an integer multiple of 2π
√−1, we have the following theorem.
Theorem 5.1. Let ξ be a complex number that is not an integral multiple of 2π
√−1.
We also assume that Im ξ ≥ 0 for simplicity.
If ξ/2 6∈ P, then we have
JN
(
T (a, b); exp(ξ/N)
)
∼e
(ab−a/b−b/a)ξ/(4N)
2 sinh(ξ/2)

τa,b(ξ/2) + ∞∑
j=1
τ
(2j)
a,b (ξ/2)
j!
(
ξ
4abN
)j(5.1)
when Re ξ > 0 and
JN
(
T (a, b); exp(ξ/N)
)
∼e
(ab−a/b−b/a)ξ/(4N)
2 sinh(ξ/2)

τa,b(ξ/2) + ⌊ab|ξ|/(2pi)⌋∑
k=1
(−1)k+1Ak(ξ;N) +
∞∑
j=1
τ
(2j)
a,b (ξ/2)
j!
(
ξ
4abN
)j
(5.2)
when Re ξ ≤ 0 as N → ∞, where τ (2j)a,b (ξ/2) is the (2j)th derivative of τa,b(z) at
z = ξ/2 and ⌊x⌋ means the largest integer that does not exceed x
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If ξ/2 ∈ P (and it is not an integer multiple of π√−1), then we have
JN
(
T (a, b); exp(ξ/N)
)
∼e
(ab−a/b−b/a)ξ/(4N)
2 sinh(ξ/2)
(
τ
(0)
a,b (ξ/2) +
1
2
(−1)ab|ξ|/(2pi)Aab|ξ|/(2pi)(ξ;N)
+
ab|ξ|/(2pi)−1∑
k=1
(−1)k+1Ak(ξ;N) +
∞∑
j=1
τ
(2j)
a,b (ξ/2)
j!
(
ξ
4abN
)j
(5.3)
as N →∞, where τ (0)a,b (ξ/2) is the constant term of the Laurent expansion of τa,b(z)
around z = ξ/2.
Remark 5.2. If Re ξ > 0, or Re ξ ≤ 0 and |ξ| < 2π/(ab), then JN
(
T (a, b); exp(ξ/N)
)
converges to τa,b(ξ/2)/(2 sinh(ξ/2)) = 1/∆
(
T (a, b); exp ξ
)
. Otherwise it diverges.
See Figure 1.
Note that Garoufalidis and Leˆ proved that for any knot K, JN
(
K; exp(ξ/N)
)
converges to 1/∆(K; exp ξ) when |ξ| is small enough [7].
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Figure 1. The colored Jones polynomial converges in the light
gray area, and diverges in the gray area including the dashed lines
and semicircle except for P indicated by the white circles.
Proof of Theorem 5.1 for ξ with non-zero real part. We first prove Theorem 5.1
where Re ξ 6= 0. Recall that we assume Im ξ ≥ 0.
In [18], Kashaev and Tirkkonen proved that JN
(
T (a, b); exp(ξ/N)
)
is given by
the following integral.
JN
(
T (a, b); exp(ξ/N)
)
= Φa,b,ξ(N)
∫
C
eabN(−z
2/ξ+z)τa,b(z) dz,
where
Φa,b,ξ(N) :=
1
2 sinh(ξ/2)
√
abN
πξ
e−abNξ/4+(ab−a/b−b/a)ξ/(4N)
REPRESENTATIONS AND THE COLORED JONES POLYNOMIAL OF A TORUS KNOT 9
and C is the line passing through the origin with slope tan(ϕ), where ϕ is chosen so
that (arg ξ)/2 − π/4 < ϕ < (arg ξ)/2 + π/4. Note that this is to make the integral
converges.
Let Cξ be the line that is parallel to C and passes through ξ/2 that is the critical
point of the exponent of the integrand. Then we have
JN
(
T (a, b); exp(ξ/N)
)
=Φa,b,ξ(N)
(∫
Cξ
eabN(−z
2/ξ+z)τa,b(z) dz
+ 2π
√−1
∑
k
Res
(
eabN(−z
2/ξ+z)τa,b(z); z = kπ
√−1/(ab)
))
=Φa,b,ξ(N)
(∫
Cξ
eabN(−z
2/ξ+z)τa,b(z) dz
+ 2π
√−1
∑
k
(−1)k+1 2 sin(kπ/a) sinh(kπ/b)
ab
exp
(
N
(
k2π2
abξ
+ kπ
√−1
)))
in a similar way to [25], where k runs over integers such that kπ
√−1/(ab) is between
C and Cξ.
First we calculate the asymptotic expansion of the integral. Putting w := z−ξ/2,
we have∫
Cξ
eabN(−z
2/ξ+z)τa,b(z) dz =
∫
C
eabN
(
−(w+ξ/2)2/ξ+(w+ξ/2)
)
τa,b(w + ξ/2) dw
= eabNξ/4
∫
C
e−abNw
2/ξτa,b(w + ξ/2) dw
= eabNξ/4eϕ
√−1
∫ ∞
−∞
e−abNe
2ϕ
√−1t2/ξτa,b
(
teϕ
√−1 + ξ/2
)
dt.
We use Watson’s Theorem, a special case of the steepest descent method, to obtain
the asymptotic expansion of this integral.
Theorem 5.3 ([21](Theorem 7.2.7)). Let g(z) be analytic and bounded on a domain
containing the real axis. Set f(z) :=
∫∞
−∞ e
−zy2/2g(y) dy for z real. Then
f(z) ∼
√
2π
z
(
a0 +
a2
z
+
3!!a4
z2
+
5!!a6
z3
+ · · ·
)
as z →∞, arg z = 0, where g(z) =∑∞n=0 anzn near zero.
Note that this theorem also holds for z with fixed arg z with Re z > 0.
Since arg
(
e2ϕ
√−1/ξ
)
= 2ϕ − arg ξ, we see Re
(
abNe2ϕ
√−1/ξ
)
> 0. Therefore
we have the following asymptotic expansion.∫ ∞
−∞
e−abNe
2ϕ
√−1t2/ξτa,b
(
teϕ
√−1 + ξ/2
)
dt
∼
√
πξ
abNe2ϕ
√−1

 ∞∑
j=0
(2j − 1)!!c2j
(2abNe2ϕ
√−1/ξ)j


as N → ∞, where c2j is the coefficient of t2j in the Taylor expansion of
τa,b
(
teϕ
√−1 + ξ/2
)
around t = 0. Since c2j =
e2jϕ
√−1
(2j)!
τ
(2j)
a,b (ξ/2) with τ
(2j)
a,b (ξ/2)
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the 2jth derivative of τa,b(z) at ξ/2, we have∫
Cξ
eabN(−z
2/ξ+z)τa,b(z) dz
∼eabNξ/4eϕ
√−1
√
πξ
abNe2ϕ
√−1

 ∞∑
j=0
(2j − 1)!!τ (2j)a,b (ξ/2)
(2j)!(2abN/ξ)j


=eabNξ/4
√
πξ
abN

 ∞∑
j=0
τ
(2j)
a,b (ξ/2)
j!
(
ξ
4abN
)j .
Since τ
(0)
a,b (ξ/2) = τa,b(ξ/2), we finally have the following asymptotic expansion.
JN
(
T (a, b); exp(ξ/N)
)
∼e
(ab−a/b−b/a)ξ/(4N)
2 sinh(ξ/2)
×

τa,b(ξ/2) + ∞∑
j=1
τ
(2j)
a,b (ξ/2)
j!
(
ξ
4abN
)j
+
∑
k
(−1)k+1 4 sin(kπ/a) sinh(kπ/b)
√−πN√
abξ
exp
(
N
(
k2π2
abξ
+ kπ
√−1− abξ
4
)))
=
e(ab−a/b−b/a)ξ/(4N)
2 sinh(ξ/2)

τa,b(ξ/2) +∑
k
(−1)k+1Ak(ξ;N) +
∞∑
j=1
τ
(2j)
a,b (ξ/2)
j!
(
ξ
4abN
)j .
Now we consider the range of k.
We observe that Cξ crosses the imaginary axis at
√−1(Im ξ−Re ξ tanϕ)/2, and
when ϕ increases from (arg ξ)/2−π/4 to (arg ξ)/2+π/4, the crossing point goes from√−1 (Im ξ − Re ξ tan((arg ξ)/2− π/4)) to √−1 (Im ξ − Re ξ tan((arg ξ)/2 + π/4))
downwards (upwards, respectively) if 0 ≤ arg ξ < π/2 (if π/2 < ξ ≤ π, respectively).
Note that if π/2 < ξ ≤ π, Cξ can be parallel to the imaginary axis but we avoid
this. Since
tan2((arg ξ)/2± π/4) = 1− cos(arg ξ ± π/2)
1 + cos(arg ξ ± π/2)
=
1± sin(arg ξ)
1∓ sin(arg ξ)
=
(
1± sin(arg ξ))2
cos2(arg ξ)
=
(|ξ| ± Im ξ)2
(Re ξ)2
,
we have
tan
(
(arg ξ)/2± π/4) = Im ξ ± |ξ|
Re ξ
.
and
Im ξ − Re ξ tan((arg ξ)/2± π/4) = ∓|ξ|.
So if 0 ≤ arg ξ < π/2, then the crossing point is between −√−1|ξ| and √−1|ξ|, and
k runs over integers that are not multiples of a or b with 1 ≤ k ≤M for any integer
M satisfying 0 < M < ab|ξ|/(2π). If π/2 < ξ ≤ π, then the crossing point is above
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√−1|ξ| or below −√−1|ξ|, and k runs over all integers that are not multiples of a
or b with 1 ≤ k ≤M ′ for any integer M ′ with M ′ > ab|ξ|/(2π).
So when 0 ≤ arg ξ < π/2, we have
(5.4) JN
(
T (a, b); exp(ξ/N)
)
=
e(ab−a/b−b/a)ξ/(4N)
2 sinh(ξ/2)

A0(ξ) + ∑
1≤k≤M,
a∤k,b∤k
(−1)k+1Ak(ξ;N) +
∞∑
j=1
τ
(2j)
a,b (ξ/2)
j!
(
ξ
4abN
)j
for any integer M with 0 < M < ab|ξ|/(2π). When π/2 < arg ξ ≤ π, we have
(5.5) JN
(
T (a, b); exp(ξ/N)
)
=
e(ab−a/b−b/a)ξ/(4N)
2 sinh(ξ/2)

A0(ξ) + ∑
1≤k≤M′,
a∤k,b∤k
(−1)k+1Ak(ξ;N) +
∞∑
j=1
τ
(2j)
a,b (ξ/2)
j!
(
ξ
4abN
)j .
for any integer M ′ with M ′ > ab|ξ|/(2π).
Note that since the real part of Sk(ξ)/ξ is(
k2π2
ab|ξ|2 −
ab
4
)
Re ξ,
the real part of the coefficient of N in the exponent in Ak(ξ;N) is positive if and
only if Re ξ > 0 and k > ab|ξ|/(2π), or Re ξ < 0 and k < ab|ξ|/(2π), negative if and
only if Re ξ > 0 and k < ab|ξ|/(2π), or Re ξ < 0 and k > ab|ξ|/(2π), and zero if and
only if k = ab|ξ|/(2π).
Therefore in (5.4) we can ignore all the k since Ak(θ;N) decays exponentially,
and in (5.5) we can ignore k with k > ab|ξ|/(2π). Noting that if a or b divides k
then Ak(ξ;N) = 0, we finally have
JN
(
T (a, b); exp(ξ/N)
)
∼ e
(ab−a/b−b/a)ξ/(4N)
2 sinh(ξ/2)

τa,b(ξ/2) + ∞∑
j=1
τ
(2j)
a,b (ξ/2)
j!
(
ξ
4abN
)j
when Re ξ > 0 and
JN
(
T (a, b); exp(ξ/N)
)
∼ e
(ab−a/b−b/a)ξ/(4N)
2 sinh(ξ/2)

τa,b(ξ/2) + ⌊ab|ξ|/(2pi)⌋∑
k=1
(−1)k+1Ak(ξ;N) +
∞∑
j=1
τ
(2j)
a,b (ξ/2)
j!
(
ξ
4abN
)j .
when Re ξ < 0. 
Remark 5.4. When Re ξ < 0 and |ξ| < 2π/(ab) there is no Ak(ξ;N) term. When
Re ξ < 0 and |ξ| = 2π/(ab) the term A1(ξ;N) oscillates.
Proof of Theorem 5.1 for purely imaginary ξ. If ξ is purely imaginary, we have al-
ready shown the following formulas in [12, Proposition 3.2].
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If Re ξ = 0 and ξ/2 6∈ P , then we have
JN
(
T (a, b); exp(ξ/N)
)
∼e
(ab−a/b−b/a)ξ/(4N)
2 sinh(ξ/2)

τa,b(ξ/2) + ⌊ab|ξ|/(2pi)⌋∑
k=1
(−1)k+1Ak(ξ;N) +
∞∑
j=1
τ
(2j)
a,b (ξ/2)
j!
(
ξ
4abN
)j .
If ξ/2 is in P but not an integral multiple of 2π√−1, then we have
JN
(
T (a, b); exp(ξ/N)
)
∼e
(ab−a/b−b/a)ξ/(4N)
2 sinh(ξ/2)
(
τ
(0)
a,b (ξ/2) +
1
2
(−1)ab|ξ|/(2pi)Aab|ξ|/(2pi)(ξ;N)
+
ab|ξ|/(2pi)−1∑
k=1
(−1)k+1Ak(ξ;N) +
∞∑
j=1
τ
(2j)
a,b (ξ/2)
j!
(
ξ
4abN
)j ,
where τ
(0)
a,b (ξ/2) means the constant term of the Laurent expansion of τa,b(z) around
z = ξ/2. This completes the proof. 
6. A topological interpretation of the asymptotic behavior.
In this section we study a topological interpretation of the term Ak(ξ;N) (k ≥ 1).
Given a positive integer k that is not a multiple of a nor b, we associate a pair of
integers (α, β) as described in §2.
6.1. A topological interpretation of Sk(ξ). Let ρα,β be an irreducible represen-
tation of π1
(
S3 \ T (a, b)) at SL(2;C) which is in the component of the character
variety indexed by (α, β).
The fundamental group of S3\T (a, b) has a presentation π1
(
S3\T (a, b)) = 〈x, y |
xa = yb〉. Then the longitude λ can be expressed as λ = xaµ−ab, where µ is the
meridian. Up to conjugation, we may assume that the images of µ and λ are as
follows.
ρα,β(µ) =
(
m ∗
0 m−1
)
,
ρα,β(λ) =
(
l ∗
0 l−1
)
.
Since λµab = xa and xa = ±I (see for example [23, Lemma 2.2]), we have l =
±m−ab.
If we put m = exp(u/2) and l = − exp(v/2), we have exp(v/2) = ± exp(−abu/2).
Therefore v can be expressed (modulo 2π
√−1) in terms of u. We choose −ab(u+
2π
√−1) + 2(k − 1)π√−1 as such an expression and denote it by vk(u).
Using the pair (u, vk(u)) with u := ξ − 2π
√−1, we can prove that the function
CSu,vk(u)([ρα,β ]) defined in §4 can be expressed in terms of Sk(ξ).
Theorem 6.1. Let ρα,β be an irreducible representation such that [ρα,β] is in the
component of X
(
S3 \ T (a, b)) indexed by (α, β). If we put vk(u) := −ab(u +
2π
√−1) + 2(k − 1)π√−1, then we have
CSu,vk(u) ([ρα,β ]) = Sk(ξ)− π
√−1u− uvk(u)
4
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with u := ξ − 2π√−1, that is, the following equality holds.
csT (a,b)([ρα,β ]) =
[
u
4π
√−1 ,
vk(u)
4π
√−1; exp
(
2
π
√−1
(
Sk(ξ)− π
√−1u− uvk(u)
4
))]
.
Proof. From a formula by Dubois and Kashaev [5, Proposition 4] we have
(6.1) csT (a,b)([ρα,β ])
=
[
u
4π
√−1 ,
1
2
− abu
4π
√−1 ; exp
(
−8π√−1
(
(βad+ εαbc)2
4ab
− u
8π
√−1
))]
,
where integers c and d are chosen so that ad − bc = 1, and ε = ±1. Note that we
are using the PSL(2;C) normalization and so we need to multiply the exponent in
the third entry by −4.
Changing the coordinate by using (4.1), we have
csT (a,b)([ρα,β ])
=
[
u
4π
√−1 ,
1
2
− abu
4π
√−1 +
k − ab− 2
2
; exp
(−2k2π√−1
ab
+ u+ (k − ab− 2)u
)]
=
[
u
4π
√−1 ,
vk(u)
4π
√−1; exp
(−2k2π√−1
ab
− abu+ (k − 1)u
)]
=
[
u
4π
√−1 ,
vk(u)
4π
√−1; exp
(
2
π
√−1
(
Sk(ξ)− π
√−1u− uvk(u)
4
))]
,
where the first equality follows since k2 = (βad + εαbc)2 (mod ab) and the last
equality follows since u = ξ − 2π√−1. Note that the choice of ε does not matter
here. Note also that even if we change the definition of (α, β), the equality still
holds (Remark 2.2). 
Since vk(u) = 2
dSk(ξ)
d ξ
∣∣∣
ξ:=u+2pi
√−1
− 2π√−1, we note that CSu,vk(u)([ρα,β ]) can
be determined by Sk(ξ).
6.2. A topological interpretation of Tk. We can show that Tk is the twisted
Reidemeister torsion associated with the meridian µ.
Lemma 6.2. Let ρα,β be an irreducible representation π1
(
S3 \T (a, b))→ SL(2;C)
whose character belongs to the component indexed by (α, β) that is determined by
k as described in § 2. Then (up to a sign) the Reidemeister torsion TT (a,b)µ (ρα,β)
associated with the meridian µ is given by
TT (a,b)µ (ρα,β) = ±
16
ab
sin2
(πα
a
)
sin2
(
πβ
b
)
.
Proof. If an irreducible representation ρα,β is in the component indexed by (α, β),
Dubois [3, 6.2] proved that the twisted Reidemeister torsion TT (a,b)λ (ρα,β) associated
with the longitude λ is given by
(6.2) TT (a,b)λ (ρα,β) =
16
a2b2
sin2
(απ
a
)
sin2
(
βπ
b
)
.
From Remark (ii) to [30, The´ore`me 4.1], we have
(6.3) Tµ(ρα,β) = ±∂ v
∂ u
Tλ(ρα,β)
for an irreducible representation ρ. Here u and v are parameters as described in
the previous subsection. Note that we are using cohomological Reidemeister torsion
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and Porti uses homological one. So our torsion is the inverse of the torsion used in
[30].
As in the previous subsection v = −abu+ 2nπ√−1 for a constant n ∈ Z. So we
have ∂ v/∂ u = −ab and the lemma follows. 
Remark 6.3. In [30] Porti uses the twisted homology instead of the twisted coho-
mology. So the Reidemeister torsion is the inverse of ours. The authors thank
J. Dubois for pointing out this.
Since sin2(kπ/a) sin2(kπ/b) = sin2(απ/a) sin2(βπ/b) (Remark 2.2), we have
TT (a,b)µ (ρα,β) = ±
16
ab
sin2
(
kπ
a
)
sin2
(
kπ
b
)
.
Since Tk is always positive, we have the following theorem.
Theorem 6.4. Let ρα,β be an irreducible representation of π1
(
S3 \ T (a, b)) at
SL(2;C), which is in the component indexed by (α, β) that is associated with an
integer k as in §2.
Then Tk equals the absolute value of the twisted Reidemeister torsion of ρα,β
associated with the meridian, that is, we have
Tk =
∣∣∣TT (a,b)µ (ρα,β)∣∣∣ .
6.3. Remaining factor. There remains a strange factor 2 sinh(ξ/2) in the asymp-
totic expression. Recall that we normalize the colored Jones polynomial so that its
value for the unknot is one. Another (more natural in physics) normalization is to
put the value for the empty link to be one. In this normalization the colored Jones
polynomial of the unknot is [N ] =
(
qN/2 − q−N/2)/(q1/2 − q−1/2).
Then the factor 2 sinh(ξ/2) comes from the following asymptotic expansion at
q = exp(ξ/N) of log[N ].
sinh(ξ/2)
sinh(ξ/(2N))
∼ 2 sinh(ξ/2)N
ξ
− sinh(ξ/2)
12
(
N
ξ
)−1
+ · · · .
7. Speculation
Combining the results of Section 6, for a torus knot K and an appropriately
chosen parameter ξ we have
lim
N→∞
{
JN (K; exp(ξ/N))
2 sinh(ξ/2)
ν(ξ/N)
−√−π
∑
k
(−1)k+1
(
N
ξ
)1/2
exp
(
Sk(ξ)
N
ξ
)(
TKλ (ρk)
)1/2}
=
2 sinh(ξ/2)
∆(K; exp ξ)
where ν(x) is a function that converges to 1 when x → 0, k runs over some irre-
ducible components of the character variety X(S3 \ K), ρk is an irreducible rep-
resentation in the component indexed by k, and Sk(ξ) determines the SL(2;C)
Chern–Simons invariant CSu,vk(u)([ρk]) as in Theorem 6.1. We expect a similar
formula for a general knot.
Here we just give an observation about the figure-eight knot.
In [28] Yokota and the second author proved that for the figure-eight knot E,
the following holds.
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Theorem 7.1 ([28]). There exists a neighborhood U of 0 in C such that for any
u ∈ (U \ π√−1Q) ∪ {0}, the following limit exists
(u + 2π
√−1) lim
N→∞
log JN
(
E; exp((u+ 2π
√−1)/N))
N
.
Moreover if we denote the limit by H(u) and put v(u) := 2 dH(u)d u − 2π
√−1, then
H(u)−π√−1u−uv(u)/4 coincides with CSu,v(u)([ρ]), where ρ is the representation
of π1(S
3 \E) at SL(2;C) sending the meridian to
(
exp(u/2) ∗
0 exp(−u/2)
)
and the
longitude to
(− exp(v(u)/2) ∗
0 − exp(−v(u)/2)
)
up to conjugate.
The SL(2;C) character variety of S3 \ E has two connected components, the
abelian one and the non-abelian one.
Non-abelian representations can be calculated explicitly by using the technique
described in [32] (see also [26, §3.1]). Let ρm± be the non-abelian representation of
π1(S
3 \ E) at SL(2;C) sending the meridian to(
m1/2 1
0 m−1/2
)
and the longitude to(
ℓ(m)±1
(
m1/2 +m−1/2
)√
(m+m−1 + 1)(m+m−1 − 3)
0 ℓ(m)∓1
)
,
where
(7.1)
ℓ(m) :=
m2 −m− 2−m−1 +m−2
2
+
m−m−1
2
√
(m+m−1 + 1)(m+m−1 − 3).
See [26, §3.1] for details. Note that the pair (m, ℓ(m)) is a zero of the A-polynomial
(7.2) ℓ− (m2 −m− 2−m−1 +m−2)+ ℓ−1.
Remark 7.2. Equation (3.8) in [26] is mistyped. It should be read as
ℓ− (m2 −m− 2−m−1 +m−2)+ ℓ−1 = 0.
The authors thank E. Witten, who pointed out this.
In [3, §6.3] Dubois proves that the twisted Reidemeister torsion TEλ (ρm±) asso-
ciated with the longitude λ is given by
TEλ (ρm±) =
1√
17 + 4Tr(ρm±(λ))
=
1
2m+ 2m−1 − 1 .
See also [30, §4.5] and [4].
Therefore from (6.3) the twisted Reidemeister torsion associated with the merid-
ian µ is
TEµ (ρm±) = ±
∂ v
∂ u
× 1
2m+ 2m−1 − 1 .
Since in this case eu/2 = m1/2 and ev/2 = −ℓ(m)±1, we have
∂ v
∂ u
=
±∂(2 log ℓ(m))/∂ m
∂(logm)/∂ m
=
±2mdℓ(m)/dm
ℓ(m)
.
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Since the pair (m, ℓ(m)) is a zero of the A-polynomial, differentiating (7.2) by m
we have
d ℓ(m)
dm
=
2m− 1 +m−2 − 2m−3
1− ℓ(m)−2 .
Therefore we finally have
TEµ (ρm±) =
±2√
(m+m−1 + 1)(m+m−1 − 3) .
By some computer calculations the following formula seems to hold.
lim
N→∞
{
JN
(
E; exp(ξ/N)
)2 sinh(ξ/2)
ν(ξ/N)
−√−π exp
(
H(u)
N
ξ
)(
N
ξ
)1/2√
TEµ (ρm±)
}
=
2 sinh(ξ/2)
∆(E; exp ξ)
where ν(x) is a function with limx→0 ν(x) = 1.
For a hyperbolic knot K, we expect a similar formula.
lim
N→∞
{
JN
(
K; exp(ξ/N)
)2 sinh(ξ/2)
ν(ξ/N)
−√−π exp
(
H(u)
N
ξ
)(
N
ξ
)1/2√
TKµ (ρ)
}
=
2 sinh(ξ/2)
∆(E; exp ξ)
,
where ν(x) is a function with limx→0 ν(x) = 1 and we put u := ξ−2π
√−1. Moreover
ρ, H(u) and TKµ (ρ) satisfy the following properties. Put v(u) := 2
dH(u)
d u − 2π
√−1.
• ρ : π1(S3 \K)→ SL(2;C) sends the meridian to
(
exp(u/2) ∗
0 exp(−u/2)
)
and the longitude to
(− exp(v(u)/2) ∗
0 − exp(−v(u)/2)
)
up to conjugate.
• H(u)− π√−1u− uv(u)/4 coincides with CSu,v(u)([ρ]).
• TKµ (ρ) is the twisted Reidemeister torsion of ρ associated with the meridian.
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